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HOLZER ET AL.: INVERSIONS FOR WATER-MASS DISTRIBUTIONS 3

Abstract.

A maximum-entropy (ME) method is used to deconvolve tracer data for

the joint distribution G of locations and times since last ventilation. The de-

convolutions utilize WOCE line A20 repeat hydrography for CFC-11, poten-

tial temperature, salinity, oxygen, and phosphate, as well as GLODAP ra-

diocarbon data, combined with surface boundary conditions derived from

the atmospheric history of CFC-11 and the WOA2005 and GLODAP databases.

Because of the limited number of available tracers the deconvolutions are highly

underdetermined leading to large “entropic” uncertainties, which are quan-

tified using the information entropy of G relative to a prior distribution. Ad-

ditional uncertainties resulting from data sparsity are estimated using a Monte

Carlo approach and found to be of secondary importance. The ME decon-

volutions objectively identify key water-mass formation regions and quan-

tify the local fraction of water of age τ or older last ventilated in each re-

gion. Ideal mean age and radiocarbon age are also estimated, but found to

have large entropic uncertainties that can be attributed to uncertainties in

the partitioning of a given water parcel according to where it was last ven-

tilated.

Labrador/Irminger Sea water (L water) is determined to be mostly less

than ∼40a old in the vicinity of the deep western boundary current (DWBC)

at the northern end of A20 but several decades older where the DWBC re-

crosses the section further south, pointing to the importance of mixing via

a multitude of eddy-diffusive paths. Overflow Water lies primarily below L

water with young waters (τ <∼ 40a) at mid depth in the northern part of A20

and waters as old as ∼600a below ∼3500m.
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4 HOLZER ET AL.: INVERSIONS FOR WATER-MASS DISTRIBUTIONS

1. Introduction

Water-mass properties such as salinity, S, temperature, T , and the concentrations of10

tracers of atmospheric origin are determined in the mixed layer through the interplay of11

air-sea exchange processes and the ocean circulation. Similarly, the preformed component12

of nutrient tracers is by definition determined by the mixed-layer concentration of the13

nutrients. Subsequent transport carries the water-mass properties and preformed nutrients14

into the ocean interior. The local water-mass properties and tracer concentrations at any15

point in the interior are then determined by the admixture of fluid elements of different16

surface origin and different transit times since last surface contact.17

We focus on the deep waters in the North Atlantic because of their importance in18

the ventilation and circulation of the global ocean. Numerous investigators have exten-19

sively studied the formation and circulation of these waters building a knowledge base20

that provides context and reference for our results from the maximum-entropy inversions.21

North Atlantic Deep Water (NADW) forms from dense waters originating in the Arctic22

Ocean [Mauritzen, 1996; Rudels et al., 2002] and in the Greenland, Iceland, and Norwe-23

gian seas (the Nordic seas) [Swift et al., 1980], as well as from water undergoing deep24

wintertime convection in the Labrador [Lazier , 1973; Talley and McCartney , 1982; Lilly25

et al., 1999; Pickart et al., 1996; Stramma et al., 2004] and Irminger [Pickart et al., 2003]26

seas. The component of NADW originating in the Nordic seas enters the North Atlantic27

across the Greenland-Iceland-Scotland Ridge as overflow waters [Ross , 1984; Dickson and28

Brown, 1994; Meincke, 1983; Saunders , 1990; Girton et al., 2001; Hansen and Osterhus ,29

2007], which entrain adjacent waters as they descend into the deep Atlantic [Harvey and30

Theodorou, 1986; Dickson et al., 1990; Tanhua et al., 2005]. NADW is transported equa-31
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HOLZER ET AL.: INVERSIONS FOR WATER-MASS DISTRIBUTIONS 5

torward by the Deep Western Boundary Current (DWBC) [e.g., Swift , 1984; Dickson and32

Brown, 1994; Schmitz and McCartney , 1993; Rhein et al., 1995], forming the lower branch33

of the Atlantic Meridional Overturning Circulation.34

The compositions of the NADW components have been determined by classical temper-35

ature/salinity analysis [e.g., Swift , 1984; Rudels et al., 2002] and the circulation pathways36

have been delineated by measuring the distribution of chlorofluorocarbons (CFCs) [e.g.,37

Weiss et al., 1985; Smethie et al., 2000] and tritium [e.g., Jenkins and Rhines , 1980; Doney38

and Jenkins , 1994], which are incorporated in the NADW at its surface source regions39

[e.g., Oestlund and Rooth, 1990; Smethie, 1993]. The transit time for NADW to be trans-40

ported from its source regions to the equator has been estimated from CFC [Smethie et al.,41

2000; Steinfeldt and Rhein, 2004] and tritium/3He ages [Doney and Jenkins , 1994] to be42

25–30 years, which corresponds to a spreading rate of about 1–2 cm/sec. This is consider-43

ably slower than the DWBC’s measured speed of 5–25 cm/sec [Watts , 1991; Dickson and44

Brown, 1994; Bower and Hunt , 2000]; the reason for this discrepancy is that most water45

parcels do not travel directly from the source region to the equator in the DWBC, but46

circulate into the basin interior where they are transported by the quasi-random action of47

eddies and mix with older water [e.g., Hogg et al., 1986; Schmitz and McCartney , 1993;48

Bower and Hunt , 2000; Steinfeldt et al., 2007]. The formation rate of NADW has been49

estimated from CFC inventories to be about 17–20 Sv [Smethie and Fine, 2001; LeBel50

et al., 2008]. A more detailed review and description of NADW formation and circulation51

and the incorporation of CFCs into NADW can be found in Smethie et al. [2000, 2007].52

Hydrographic sections A20 and A22 [as designated by the World Ocean Circulation Ex-53

periment (WOCE), Fig. 1] traverse the North Atlantic’s DWBC and CFC plume. Repeat54
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6 HOLZER ET AL.: INVERSIONS FOR WATER-MASS DISTRIBUTIONS

hydrographies are available for both A20 and A22 from 1997 and 2003 cruises. We focus55

here only on line A20 because of its greater overlap between the 1997 and 2003 stations56

and because it lies almost entirely in the western North Atlantic basin, while A22 traverses57

the Caribbean for which key radiocarbon data was not available.58

This paper sets out to answer two central questions. The first question is: Where did59

the water in each of section A20’s bottles last have surface contact and how long ago did60

that contact take place? Because each fluid element in the bottle will generally have taken61

a different path from the surface to the bottle, the question can be more precisely stated62

as:63

What is the joint distribution G(r , t|r s, t−τ) of last surface contact locations r s and transit64

times τ from the surface that describes the admixture of waters in the bottle at location r65

and time t?66

The distribution G (called a boundary propagator, a type of Green function) contains a67

huge amount of information. For every possible transit-time interval and every possible68

surface patch, the distribution specifies the mass fraction of the bottle that came from69

that patch in that time interval. Because the only information we have for each bottle is70

in the form of a few scalar quatities (T , S, and the concentrations of a few tracers), the71

problem of estimating G is highly underdetermined with far more unknowns than data72

constraints. Thus, the second question is:73

How well constrained is the ocean’s G by the available sparse scalar data?74

75

The boundary propagator G has been examined in some detail for ocean models [e.g76

Khatiwala et al., 2001; Haine and Hall , 2002; Primeau, 2005; Peacock and Maltrud , 2006].77
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HOLZER ET AL.: INVERSIONS FOR WATER-MASS DISTRIBUTIONS 7

However, the inference of G from tracer data has to date been much less explored. Studies78

of transit-time distributions [TTDs, e.g., Waugh et al., 2004; Tanhua et al., 2009] have79

used tracer data to fit the temporal dependence of G to parametric functions under the80

assumption of a single relevant end member and at most two free parameters. Traditional81

water-mass analyses utilizing the optimum multiparameter (OMP) method [e.g., Tomczak ,82

1981; Tomczak and Large, 1989], and its recent non-local refinements [parametric OMP,83

de Brauwere et al., 2007], use available tracer observations to infer the admixture of pre-84

specified end members regardless of the transit time from the surface. By predetermining85

the possible end members and limiting their number to less than or equal the number of86

tracers, the OMP method avoids mathematical underdeterminedness. However, the OMP87

method is not able to determine all possible end members (that is, all possible surface88

origins) from the data itself. Recently, Kibler and Primeau [2006] and Primeau and Kibler89

[2008] have used a maximum entropy (ME) method to invert the steady tracers of the90

WOAO5 database for the global distributions of the transit-time-integrated water-mass91

fractions last ventilated in the ocean’s major water-mass formation regions. Khatiwala92

et al. [2009] applied a ME deconvolution to globally gridded data of both steady and tran-93

sient tracers to estimate the transit-time dependent boundary-propagator Green functions94

at every grid point in the ocean for a surface tiling with 26 large regions. These Green95

functions were then convolved with the space- and time-varying history of anthropogenic96

carbon in the mixed layer estimated by placing physical and chemical constraints on the97

air-sea flux of CO2.98

Here we use a maximum-entropy method to invert hydrographic bottle data for both99

the transit-time (temporal) and surface-origin (spatial) dependence of the boundary prop-100
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8 HOLZER ET AL.: INVERSIONS FOR WATER-MASS DISTRIBUTIONS

agator, G. Integrating G(r , t|r s, t − τ) over surface locations r s then yields TTDs, while101

integrating G over transit time τ gives the mass fraction of water at (r , t) that was last102

ventilated at surface location r s. The strength of the maximum-entropy method [e.g.,103

Jaynes , 1957; Press et al., 2007] is that it regularizes the inversion problem in a way that104

introduces no biases other than those imposed by the data constraints: In the absence of105

the constraints, maximizing the information entropy distributes the fluid elements in the106

bottle uniformly - with respect to some pre-specifed weighting (see Sec. 2.1) - in terms of107

both surface origin and transit time. In addition, the information entropy itself provides108

a natural framework for estimating the uncertainty associated with the underdetermined109

nature of the inversions.110

The distribution G is closely related to the distribution of ventilation rates Φ of water111

that stays in the ocean interior for residence time τ or longer as introduced by Primeau112

and Holzer [2006] and Hall et al. [2007]. However, because Φ involves integrals of G113

over the entire ocean volume, we will leave estimates of Φ to a future study that will114

use deconvolutions for G at every point in the ocean. Here we focus only on line A20 to115

establish the character and degree of uncertainty of ME inversions for G.116

The boundary propagator G encompasses information on where water was last ventilated117

and what the typical transit time from the mixed layer to a point in the interior is. As118

noted at the beginning, much of this information is known already. What is new here119

is that we use tracer data to directly constrain the entire joint distribution G of transit120

times and last surface contact locations, with rigorous uncertainty estimates for various121

key integrals of G. Furthermore, we estimate G using an objective algorithm that does122

not require manual intervention.123
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HOLZER ET AL.: INVERSIONS FOR WATER-MASS DISTRIBUTIONS 9

2. Inversion method

The concentration C I
j (r , t) of passive tracer species j at (r , t) can be represented as the124

admixture of values of the tracer at surface points r s at earlier times t0 via the convolution125

C I
j (r , t) =

Z
d2rs

Z t

�1
dt0G(r , t|r s, t0)CS

j (r s, t0)e� 
 j (t � t0) , (1)126

where the boundary-propagator Green function G is an integral representation of the127

transport from the surface [e.g., Holzer and Hall , 2000], and γj is the decay constant128

for radioactive species (γj = 0 for non-radioactive, chemically stable species). Although129

redundant, we use the superscripts I and S to clearly distinguish interior and surface130

tracer concentrations. Physically, Gd2rsdt0 is the mass fraction of water at (r , t) that131

had its last surface contact with surface area d2rs during time interval (t0, t0+ dt0). For132

simplicity, and because the available tracer data is too sparse in both time and space to133

allow a more detailed analysis, we now assume that oceanic transport is cyclostationary,134

that is, that the ocean’s transport operator repeats itself every year with the same seasonal135

cycle. The propagator G is therefore only a function of the number of years, n, elapsed136

from the year containing t, and the time of year of both t and t0. Because seasonally137

varying hydrographic data is typically available as monthly means, we now immediately138

discretize the time of year to 12 months (taken equally long for convenience), with m139

being the month of t0 and m0 being the month of t. We also discretize the surface of140

the ocean into patches (5� ×5� boxes here) of area As, where s is the index of the surface141

patches. Thus, using the probability notation P(s, n, m|r , m0) for the discretized version142
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10 HOLZER ET AL.: INVERSIONS FOR WATER-MASS DISTRIBUTIONS

of Gd2rsdt0, we have for each tracer species j143

C I
j (r , t) =

X

s

1X

n=0

M (n)X

m=1

P(s, m, n|r , m0)CS
j (s, t − τn;m )e� 
 j � n;m

144

≡ Ĉ I
j [P ] , (2)145

where146

τn;m = [n + (m0 − m)/12]τa , (3)147

with τa = 1a and M(0) = m0 and M(n) = 12 for n > 0. Equation (2) also defines the148

notation Ĉ I
j [P ] for the value of the interior tracer concentration obtained by propagating149

the boundary conditions CS
j with a given P. Physically, P(s, n, m|r , m0) is the mass150

fraction of water at r during month m0 that had last contact with the sth surface patch151

n years ago during month m, that is, a time τn;m ago. Equivalently, P(s, n, m|r , m0) is152

the probability that a fluid element had last surface contact with patch s a time τm;n ago,153

conditional on the fluid element currently being at r during month-of-year m0. Because154

all the water at (r , m0) must have had surface contact somewhere at some time in the155

past, P has the normalization156

X

s;n;m

P(s, m, n|r , m0) = 1 . (4)157

2.1. Information entropy, S

To quantify the information provided by the tracer data for constraining the boundary158

propagator, we capitalize on the boundary propagator’s probabilistic interpretation to159

construct the Shannon information entropy [Shannon, 1951]160

S = −
X

s;n;m

P log
P
µ

, (5)161
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HOLZER ET AL.: INVERSIONS FOR WATER-MASS DISTRIBUTIONS 11

where µ(s, n, m|r , m0) is a measure or “prior” whose significance will be clear shortly. We162

now invoke the principle of maximum entropy [Jaynes , 1957], which asserts that the best163

choice for P is that which is maximally noncommittal with regard to missing information164

by maximizing S subject to any data constraints. In the absence of data error, the P that165

maximizes S is therefore identified with the most probable function P [e.g., Skilling and166

Gull , 1991; Press et al., 2007].167

Maximizing S without any data constraints yields P = µ, that is, in the absence of168

tracer information the probability of water having had surface contact some transit time169

ago is spread as widely as possible over the surface and over transit time with measure170

µ. The strength of the ME method lies precisely in this broad, noncommittal spread of171

probability. No surface patches or transit times are a priori excluded unless they are172

explicitly forbidden by having zero µ. In the sense that P reduces to µ in the absence of173

any data, we consider µ to be a prior guess at P, or simply a prior, for short. Note that174

S ≤ 0, with a global maximum of S = 0 at P = µ.175

In order to quantify the uncertainty associated with the underdetermined nature of find-176

ing P, we need to know how likely functions P are that do not maximize the constrained177

entropy, but that still satisfy the data constraints. By assuming that all possible P (for178

our problem, all possible admixtures of surface origin and transit time) that are consistent179

with the data constraints are equally likely relative to measure µ, the probability distri-180

bution of P conditional on the data can be argued to be Prob(P|C) ∝ exp(αS − χ2/2)181

[e.g., Skilling and Gull , 1991; Press et al., 2007] for Gaussian data errors. Here χ2 is the182

usual non-dimensional measure of the misfit C I
j − Ĉ I

j [P] relative to the data uncertainty183
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12 HOLZER ET AL.: INVERSIONS FOR WATER-MASS DISTRIBUTIONS

and the yet undetermined parameter α controls the relative importance of entropy and184

χ2.185

The most probable P thus maximizes H ≡ αS − χ2/2. However, if the data has finite186

uncertainty so that exp(−χ2/2) is not sharply peaked, finding the maximum of H is a187

very large-scale optimization problem. We avoid large-scale optimization here by first188

maximizing H while enforcing zero misfit (χ2 = 0). Maximizing H then reduces to the189

maximum-entropy principle and the optimization reduces to the problem of finding a few190

Lagrange multipliers, as described below. The full distribution Prob(P|C), which allows191

for finite data errors, can then formally be constructed by integrating exp(αS) subject to192

hard data constraints over a multi-variate Gaussian ensemble of such data constraints. In193

this paper, we therefore first determine the maximum of the entropy for zero data misfit194

and quantify the corresponding purely entropic part of the distribution of P, proportional195

exp(αS). We then calculate the effect of finite data errors by performing an approximate196

Monte-Carlo integration over a Gaussian ensemble of data constraints as described in197

section 5.198

Following the arguments of Skilling and Gull [1991], we choose α = − N
2Smax

, where199

Smax is the maximum of the data-constrained entropy, and N is the number of effective200

constraints on P provided by the data. (For perfectly non-redundant data, this choice201

of α reduces to χ2 = N , where N is the number of data constraints [Skilling and Gull ,202

1991; Press et al., 2007].) If P � denotes the P that maximizes the constrained entropy, we203

then have that the probability of any other possible function P, conditional on definite,204

zero-misfit data constraints, is given by205

Prob(P) ∝ exp
�

−
N
2

S[P]
S[P � ]

�
. (6)206
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In analogy with statistical mechanics [e.g., Press et al., 2007], we may think of the right-207

hand side of (6) as a “multiplicity” that quantifies the number of possible functions P208

(that is, the number of possible admixtures) that are consistent with the data constraints.209

Equation (6) makes clear that we are interested here not in how the absolute information210

entropy is reduced as P deviates from P � , but only in how much it is reduced relative to211

the maximum allowed by the data.212

The P that maximizes the entropy is forced to satisfy the data constraints by introducing213

the Lagrange multipliers λj :214

S = −
X

s;n;m

P log
P
µ

+
JX

j =1

λj (C I
j − Ĉ I

j [P]) , (7)215

where Ĉ I
j [P] is defined by the RHS of Eq. (2). The solution P which maximizes the216

constrained entropy (7), and thereby deconvolves Eq. (2) by finding P given the tracer217

concentrations, is obtained by setting the functional derivative of (7) with respect to P218

to zero. One obtains219

P =
µ
Z

exp

 

−
X

j

λj CS
j (s, t − τn;m ) e� 
 j � n;m

!

, (8)220

where P is normalized by the “partition function” Z given by221

Z =
X

s;n;m

µ(s, n, m|r , m0) exp

 

−
X

j

λj CS
j (s, t − τn;m )e� 
 j � n;m

!

. (9)222

The J Lagrange multipliers are found by substituting (8) into the J constraint equations223

(2) and solving for the λj . We have thus regularized a grossly underdetermined problem224

by reducing it to a system of J equations in J unknowns. Note that the equations are225

nonlinear in the λj . We also emphasize that a solution to the constraint equations (2)226

means that C I
j − Ĉ I

j [P ] = 0, that is, the ME solution for the boundary propagator P227

satisfies its tracer constraints exactly.228
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14 HOLZER ET AL.: INVERSIONS FOR WATER-MASS DISTRIBUTIONS

2.2. Choice of prior measure, �

We consider a uniform prior and a prior based on coarse-resolution solutions of a steady229

advection-diffusion equation. The uniform prior has the property that in the absence of230

any information all surface locations and all times since last contact, up to some maximum231

time τmax, are equally likely. Hence the probability of having last contact with patch s is232

just proportional to its area As, with all τn;m up to τmax being equally likely. The uniform233

prior is thus given by234

µ(s, n, m|r , m0) =
As

A
∆τ
τmax

(10)235

for τn;m < τmax, and µ = 0, otherwise, with ∆τ = 1 month. We choose τmax = 4000 a,236

and found our results to be insensitive to the precise value of τmax.237

The uniform prior assumes essentially zero knowledge about the ocean circulation, which238

begs the question: How different are the deconvolutions if we use a prior that does build239

in knowledge of the circulation and would this lead to results that are more certain?240

To answer this question, we built a second prior by solving a steady advection-diffusion241

equation for the ocean using a coarse-resolution integration as described by Primeau242

[2005]. We refer to this as the advective-diffusive (AD) prior. The required advection-243

diffusion operator was constructed from the time-averaged velocity and eddy-diffusivity244

tensor fields computed by a dynamical OGCM. The OGCM is based on the NCAR CSM245

Ocean Model [Pacanowski et al., 1993] and has 29 vertical levels with thicknesses ranging246

from 50 m near the surface to 300 m for the deepest level and a horizontal resolution of247

∼ 3.75� × 3.75� . The spatial discretization is based on second-order centered differences.248

The eddy-diffusivity tensor is computed using the k-profile vertical mixing scheme [KPP,249

Large et al., 1994] and the GM isopycnal eddy-mixing scheme [Gent and McWilliams ,250
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HOLZER ET AL.: INVERSIONS FOR WATER-MASS DISTRIBUTIONS 15

1990]. The background dia- and isopycnal diffusivitites are 0.5×10� 5 and 1000 m2/s.251

The OGCM was forced with seasonally varying surface momentum and buoyancy fluxes.252

The strength of the model’s meridional overturning stream function is ∼ 18 Sv. The253

water-mass ventilation properties of the annually averaged circulation has been described254

in detail in previous publications. In particular, transit-time distributions at various255

positions in the Atlantic are shown in Fig. 11 of the work of Primeau [2005] and Fig.256

4 of the same paper displays the fractions of water across a section at 30� W that were257

ventilated through various surface regions. The annually averaged advection-diffusion258

operator’s ventilation-rate distribution is described by Primeau and Holzer [2006] and its259

surface-to-surface transport pathways are discussed by Holzer and Primeau [2006, 2008].260

The patch-integrated boundary-propagator Green functions G(r , τ |Ωi ), where the261

patches Ωi tile the ocean surface as shown in Fig. 15, were computed as the response262

to a delta-function surface concentration boundary condition on Ωi with zero concen-263

tration enforced elsewhere on the surface [Holzer and Hall , 2000; Primeau, 2005]. To264

construct the AD prior, the coarse-grained Green function was redistributed over 5� × 5�
265

grid boxes such that266

µAD (s, n, m|r , m0) =
As

A(Ωi )
G(r , τn;m |Ωi ) (11)267

where As is the area of the 5� ×5� grid box labelled by s and A(Ωi ) is the area of patch Ωi268

that contains surface box s. The purpose of coarse graining G in this way is to ensure that269

the AD prior is not overly influenced by small-scale features in the model’s circulation270

that cannot be expected to be accurate. It is therefore worth pointing out that while the271

information in the publications cited above that describe the model’s surface-to-surface272

transport is relevant to understanding the model’s circulation, most of this information273
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16 HOLZER ET AL.: INVERSIONS FOR WATER-MASS DISTRIBUTIONS

is not directly encoded in the AD prior because of the relatively large size of the patches274

used to compute G. The relevant information captured by the AD prior is summarized275

in Fig. 16. Figure 16a shows the profiles of the distributions of times since last surface276

contact obtained from the AD prior (without enforcing any tracer constraints) and Fig.277

16b shows the AD prior’s ideal mean age.278

Because we found that the inversions with a uniform prior tended to give unrealistically279

large fractions of Mediterranean water, and because our advective-diffusive solution did280

not include the Mediterranean at all, we replaced the Mediterranean’s surface boundary281

condition with a boundary condition along a vertical wall across the Strait of Gibraltar.282

In the 1� ×1� data sets the Strait of Gibraltar is a single vertical profile. In the case of283

the uniform prior the contribution of a vertical wall layer of width ∆z was represented284

by (∆z/D)(AM /A)(∆τ/τmax), where D is the depth of the strait and AM and A are the285

areas of the Mediterranean and the global ocean. In the case of the AD prior, the time286

dependence of the Mediterranean part of the prior was taken to be a normalized inverse287

Gaussian, I ≡ exp[−(τ − Γ)2/(4∆2τ/Γ)]/
p

4π∆2(τ/Γ)3, with Γ = ∆ and a mean-age288

parameter Γ(r ) that depends on the depth of the bottle according to the section-averaged289

global ideal mean age of the advective-diffusive solution, scaled to 30 a at the surface290

(which corresponds to a mode of I at 4.9 a). The choice of an inverse-Gaussian form is291

motivated by the fact that model transit-time distributions for single end members can292

be well fit by this form, and parametric inversions of tracer data using inverse Gaussians293

[e.g., Waugh et al., 2004] suggest Γ = ∆ is appropriate for the ocean.294
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3. Data

Because our method relies on scalar quantities that are either conserved in the ocean295

interior or decay with known time constants, we computed potential temperature θ and296

the quasi-conserved tracer PO�
4 ≡PO4+O2/175 [Broecker et al., 1998]. Our inversions297

are thus based on the following set of tracers: θ, S, PO�
4, CFC-11, and 14C. Because298

CFC-11 is transient on a decadal time scale, the CFC-11 values from the 1997 and 2003299

cruises were used separately. We acknowledge that PO�
4 is not a precisely conserved300

tracer and that there is uncertainty in the 1:175 stoichiometry [Anderson and Sarmiento,301

1994]. The Monte Carlo uncertainty analysis described below could in principle be used to302

investigate the effect of these uncertainties, although their effect is likely to be dominated303

by the uncertainties that come from the under-determinedness of the problem (“entropic”304

uncertainties – see below). The A20 hydrographic data also includes CFC-12, but because305

the shape of the CFC-12 atmospheric time history prior to ∼1992 is very similar to that of306

CFC-11, and because we are interested here in time scales of decades to centuries, we did307

not use CFC-12 for added computational efficiency. Because our focus is on deep waters,308

we do not consider the upper 250 m to reduce the computational burden, and also because309

interannual variability makes the assumption of cyclostationarity particularly poor for the310

upper ocean. The A20 data also includes carbon tetrachloride (CCl4) measurements, but311

this tracer is not stable and recent estimates of its loss rate are themselves based on312

parametric inversions for TTDs [e.g., Waugh et al., 2004; Huhn et al., 2008]. We do313

not consider CCl4 here because correcting for its loss would considerably complicate our314

analyses. We also note that while CCl4 contains transport information for time scales up315
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to ∼100 a, CCl4 does not fill the large gap in time scales between CFCs and radiocarbon.316

317

3.1. Surface boundary conditions

The surface boundary conditions for T , S, O2, and PO4 are taken from the World Ocean318

Atlas 2005 [WOA05, Locarnini et al., 2006; Antonov et al., 2006; Garcia et al., 2006a, b],319

while the boundary condition for natural (“pre-bomb”) ∆14C and the CFC’s were taken320

from the GLODAP data set [Key et al., 2004; Sabine et al., 2005]. For θ, S, and PO�
4321

monthly data were used, while the GLODAP data set provides annual averages for ∆14C.322

The time-evolving CFC boundary conditions were constructed from the surface values of323

the GLODAP data set, which represents annual mean mixed-layer CFC concentrations324

for the nominal year of 1994. Mixed-layer concentrations for other years where then325

simply obtained by scaling the boundary condition for 1994 to the time series of the326

atmosphere by multiplying the 1994 GLODAP surface field by CFC(n)A /CFC(1994)A ,327

where CFC(n)A is the measured, globally averaged atmospheric concentration for year328

n, taken from the work of Walker et al. [2000]. This implicitly accounts for the CFC329

sub-saturation, although the implied saturation level is time independent.330

The GLODAP domain is unfortunately smaller than the WOA05 domain, and does not331

include many marginal seas such as the Caribbean Sea and the ocean north of 62.5� N.332

We therefore extended the CFC and ∆14C boundary conditions zonally from their edges333

to the boundaries of the 1� ×1� WOA05 domain. For ∆14C, the missing northern regions334

were simply pegged at a value of −53 per mil. For the CFCs we computed the missing335

northern values from the atmospheric concentration using the coefficients of Warner and336

Weiss [1985] and by specifying a saturation that smoothly interpolates from the northern337
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edge of the GLODAP data into the Arctic, where measurements suggest saturations near338

100% [Tanhua et al., 2009]. The saturation was taken to have the latitudinal profile339

70% + 30%[1 − exp(−0.006(φ − 62.5)2)], where φ is latitude in degrees. Given that this340

profile is somewhat arbitrary, known temporal changes in saturation in the Arctic from341

85% to 100% over the last two decades were ignored.342

3.2. Interior data

For the interior concentrations of tracers other than radiocarbon we used the343

A20 bottle data available from the CLIVAR and Carbon Hydrographic Data Office344

(http://cchdo.ucsd.edu). These data were measured during 1997 (late July to early Aug.)345

and 2003 (late Sept. to early Oct.). Where the horizontal positions of the 1997 and 2003346

profiles where closer than 0.16� latitude and 0.6� longitude, the 2003 data was deemed to347

have the 1997 horizontal position and was vertically interpolated to 1997 bottle depths.348

Figure 2 summarizes the 1997 bottle locations and for which locations repeat hydrography349

was available. For the transient CFC-11, the 1997 and 2003 values were used separately.350

For the other tracers, the 1997 and 2003 values were averaged (and also used to estimate351

variability – see Appendix B). The interior concentrations of radiocarbon at the 1997352

bottle locations were obtained by interpolating from the gridded GLODAP data set.353

Contour plots of the A20 hydrographic data from the 1997 cruise, including θ, S, neutral354

density, and nutrients can be found in the paper by Hall et al. [2004]. In Fig. 3 we only355

show the key transient tracers: CFC-11 for 1997 and 2003 from the cruise data and356

∆14C from GLODAP. The prominent features of the CFCs are high concentrations in the357

upper ocean, a pronounced CFC plume in the northern part of the section at mid depth358

between ∼0.5 and ∼2.5 km, and more dilute concentrations where the DWBC re-crosses359
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the southern part of the section. As expected, CFC concentrations increase from 1997360

to 2003. The ∆14C data shows greatest depletion in the abyssal waters and a tongue of361

relatively depleted water in the southern part of the section between ∼500 and ∼1500362

m depth. This tongue likely represents Antarctic Intermediate Water (AAIW) – see also363

below.364

Our boundary conditions and the interior tracer data have uncertainties that are im-365

portant for our analysis. They are further discussed in the section on uncertainty analysis366

below, with additional details provided in Appendix B.367

4. Results

4.1. Water-mass fractions

The local mass fraction of water that was last ventilated on surface patch s year τ ago368

or longer (also referred to as the water-mass fraction from s of age τ or older) is given by369

f(s, τ |r , m0) ≡
X

n� �

X

m

P(s, m, n|r , m0) . (12)370

Figure 4 shows the water-mass fraction regardless of transit time [f(s, 0|r , m0), all transit371

times (n, m) are summed] for three particular bottle locations. One bottle was chosen in372

the mid-depth CFC plume in the northern part of the section (36.9N, 1650m), another in373

the extension of the plume further south (20.8N, 1350m), and a third in the abyssal basin374

(29.5N, 4604m). The patterns shown are typical and not sensitive to the exact location375

of the bottles. The figure shows the f ’s for the cases of the uniform and the AD prior,376

each with and without CFC-11. Only the northern North Atlantic, Nordic, and Barents377

Seas are shown, where the patterns are concentrated (the precise fractions integrated over378
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larger regions are quantified below). While the oceans elsewhere also contribute to these379

bottles, such contributions are smaller and/or not as localized.380

The pattern for the bottle in the northern mid-depth CFC plume (Fig. 4, top row of381

plots) identifies the Labrador, Irminger, and Nordic Seas as significant source regions (“end382

members”). The uniform prior yields overall lower fractions (note the factor of 2 used for383

plotting) than the AD prior and also shows some contribution from the Barents Sea. The384

AD prior with CFC-11 places the greatest emphasis on the Labrador sea, approximately385

where Labrador Sea water is thought to form [see, e.g., LeBel et al., 2008]. Interestingly,386

the differences between the cases with and without CFC’s are modest, which means that387

much of the available information on the water-mass fraction regardless of residence time388

is encoded in θ, S, PO�
4, and possibly 14C. The bottle further south (Fig. 4, second row of389

plots) shows similar spatial patterns, but of reduced amplitude. This is consistent with390

the expectation that those waters are older (having been in contact with the atmosphere391

when its CFC-11 was lower) and that waters from other regions become mixed in as392

NADW spreads southward. The bottle in the abyssal North Atlantic (Fig. 4, third row393

of plots) does not have the Labrador-Sea component but contains significant fractions of394

Greenland Sea water, with the uniform prior case also having prominent contributions395

from the Barents Sea.396

We now focus on the water-mass fraction of age τ or older as a function of depth,397

latitude, and τ . Based on the patterns of Fig. 4, we define the regional surface masks of398

Fig. 5. Region L encompasses the Labrador and Irminger Seas, while region N encompasses399

the Greenland, Norwegian, and Barents Seas. In addition, we also define a Southern-400

Ocean region SO as the ocean south of 50� S and region G, the global world ocean (which401
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includes L, N, and SO). With these region masks R, we compute the regionally integrated402

watermass fractions of age τ or older fR(τ |r , m0) =
P

s2 R f(s, τ |r , m0). The water-mass403

fractions for regions R=L, N, L+N, SO, G, are shown in Fig. 6 for waters of any age, older404

than 39 a, and older than 160 a for the case of the AD prior with CFC-11. (The differences405

between this and the case of the uniform prior are examined below.) The threshold values406

of 39 a and 160 a were chosen based on the detailed dependence of fR(τ |r , m0) on τ for407

the regions L+N and SO, respectively, which will be discussed in detail below (Fig. 7).408

The precise numerical values of the thresholds are not significant and merely reflect the409

available transit times in our coarse-grained set of τ (Appendix A).410

Consider first the water-mass fraction regardless of transit time (first row of Fig. 6).411

The L fraction is stretched out in a band between ∼1 and ∼2 km depth, the expected412

depth range for Labrador Sea Water [e.g., LeBel et al., 2008], with local maxima reaching413

35% (note the factor of 2 applied for plotting). If we use fL to compute a weighted average414

of σ1:5 across the section, we obtain σ1:5 = 34.6, consistent with the density of Classical415

and Upper Labrador Sea Water [e.g., Pickart and Smethie, 1998]. The waters identified416

by fN lie primarily below the L waters, although there is significant overlap. The highest417

N fractions of ∼80% are found below ∼3000m in the northern half of the section. These418

waters are consistent with overflow waters, that were last ventilated in the Nordic and/or419

Barents Seas (see also Fig. 4). A fN-weighted density average yields σ1:5 = 34.7 and420

σ4 = 45.7 (45.8 if only waters older than 160 a are considered), which is also broadly421

consistent with overflow waters [e.g., Pickart and Smethie, 1998]. The sum of the L and422

N fraction shows that these waters dominate the North Atlantic below the thermocline423

between 1 and 3 km depth, with fractions in excess of ∼75%.424
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Southern-Ocean waters identified by fSO are seen to constitute up to ∼30% of abyssal425

waters. Note that where the fSO fraction is large at depth, the fL+N fraction is correspond-426

ingly lower, which shows that abyssal waters are dominated primarily by Labrador-Sea,427

Overflow, and Southern-Ocean waters, as expected. There is also a tongue of SO waters428

in the southern portion of the section between ∼500 and ∼1000m with fractions up to429

∼50%. This tongue of SO water represents AAIW possibly formed as Subantarctic mode430

water, which has been implicated as an important source of nutrients to the North At-431

lantic [Sarmiento et al., 2004; Williams et al., 2006]. The pattern of this AAIW tongue432

appears to be due to the co-located tongue of depleted (older) ∆14C visible in Fig. 3. The433

global watermass fraction fG regardless of age must be unity, as expressed by Eq. (4).434

It is very interesting to further partition the water-mass fractions according to when435

they had last contact with the surface. To this end, the second and third rows of plots436

in Fig. 6 show the water-mass fractions older than 39 and 160 a, respectively. This shows437

that the portion of the L fraction in the vicinity of the northern mid-depth CFC plume438

was last ventilated less than 39 a ago, while much of the southern portion is older than 39439

a. Virtually none of the L fraction is older than 160 a, which means that L waters older440

than that have either been transported elsewhere or that L waters return to the mixed441

layer with a surface-to-surface transit time of less than 160 a.442

The N fraction of overflow waters in the northern part of the section between ∼1 and ∼3443

km depth displays similar behavior to the L fraction, with the bulk of the N fraction there444

having been last ventilated less than 39 a ago. However, unlike the L fraction, overflow445

waters older than 160 a can be found below ∼3500 m, with mass fractions of around 50%.446

Thus, approximately half of the deep water in the western N Atlantic is overflow water447
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ventilated in the Nordic and/or Barents Seas more than ∼160 a ago. The patterns of the448

L+N fraction simply summarize the behavior of both water types.449

The SO water-mass fraction is everywhere older than 39 a, as expected of waters of such450

remote origin, while the abyssal SO fraction is older than 160 a. The tongue of SO water451

that identifies AAIW is younger then 160 a, and a more detailed analysis shows most of452

it to be younger than ∼100 a.453

The mass fraction regardless of where at the surface last contact occurred, fG, shows454

that the thermocline (the blue patch sloping up toward the equator) and the vicinity of455

the northern mid-depth CFC plume are filled with waters that were ventilated less than456

39 a ago. Waters older than 160 a are found primarily below ∼3000 m.457

To show the detailed dependence of fR(τ |r , m0) on τ , and to contrast the four inversion458

cases, we now consider fR(τ |r , m0) vertically averaged over slabs as a function of latitude459

and τ . Figure 7 shows such space-time plots for the slabs containing the bulk of the L and460

N waters and the tongue of AAIW. The figure shows that when using a uniform prior,461

the CFC-11 data is crucial for capturing the fact that the L (Labrador/Irminger Sea) and462

N (overflow) waters in the northern part of the section above ∼3 km are relatively young.463

Leaving out CFC-11 with the AD prior still gives reasonable results because the AD prior464

already encodes the information that the northern portion of the section at mid depths is465

relatively young.466

With the exception of the no-CFC uniform case, the patterns of Figure 7 show the L and467

N water-mass fractions being several decades younger in the northern part of the section468

than in the southern part. This is consistent with the fact that these waters propagate469

around the Atlantic basin in the direction of the DWBC. However, the advective time scale470
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for the DWBC with velocities of ∼5 cm/s [e.g., Pickart and Smethie, 1998] over ∼3000 km471

is only ∼2 a. The fact that the transit-time difference between the northern and southern472

parts of the section is decades rather than years shows that much of the transport is not473

due to direct advection by the DWBC, but instead must involve recirculations and quasi-474

random mixing by meso-scale eddies. This is also supported by the fact that the L and N475

fractions are distributed over a much broader range of transit times in the southern part476

of the section than in the northern part (Fig. 7). We note that these results are consistent477

with the “diffusive conveyor” picture of Holzer and Primeau [2006, 2008].478

As expected, CFCs play a minor role for the inversions of the SO water-mass fraction.479

The temporal information of the SO waters is driven by 14C, the only transient tracer used480

with time dependence beyond ∼75 a. As a consequence, all four cases of the inversions481

show a similar SO pattern with the AAIW tongue having been ventilated primarily less482

than ∼100 a ago.483

The 3500m-to-bottom averaged fN and fSO (not shown) are the oldest fractions consid-484

ered here. These vertically averaged fractions of age τ or older drop to about a tenth of485

the corresponding fractions of age zero or older for τ ∼600 to 700 a, with the SO fractions486

having the longer transit times. Thus, the majority of the abyssal N and SO waters in the487

North Atlantic are either ventilated or transported to different parts of the ocean after488

roughly half a millenium.489

4.2. Transit-time distributions and ideal mean age

A convenient summary of the temporal information contained in the boundary propaga-490

tor is the distribution of transit times since last surface contact regardless of where on the491

surface that contact occurred. We will refer to this as the global transit-time distribution492
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(TTD) obtained as493

g(τn |r , m0) ≡
X

m

X

s

P(s, m, n|r , m0) , (13)494

where m is summed to average over the seasonal cycle, and τn = n is the number of years495

since last surface contact.496

Figure 8 shows theses TTDs at the bottle depths for the profiles at 39.9� N and 20.8� N,497

and for each of the four inversion cases considered. The profile at 39.9� N passes through498

the region of highest L+N water-mass fractions of age less than ∼40 a, while the profile499

at 20.8� N passes through the region of highest L+N fractions of age older than ∼40 a as500

identified by the inversion using the AD prior with CFC-11 (Fig. 6). We note that below501

the thermocline the patterns of Fig. 6 show that section A20 is least ventilated at ∼20� N,502

consistent with the CFC minimum there between ∼1 and ∼2 km depth.503

Figure 8 shows that in the case of the uniform prior without CFC-11 the TTDs504

decay monotonically from a non-zero value at τ = 0 because the time depedence505

comes solely from the radioactive decay of 14C, which results in the functional form506

∝ exp[−λj CS
j exp(−γj τ)]. (Note that this is not simply exponential decay, and that507

for this function to converge to zero for increasing τ , the Lagrange multiplier for 14C must508

be negative.) The short-time dependence of these TTDs is clearly unphysical - very little509

surface water should reach the deep in the first year so that the TTDs are expected to510

start off at a value near zero. Including CFC-11 with the uniform prior improves the511

results dramatically by adding additional constraints for the first ∼75 a of transit time.512

The 1997 and 2003 CFC-11 values add two more degrees of freedom to the functional513

form of the ME entropy solution (8), allowing the TTDs to deviate from the 14C tails.514

For most (but not all) depths the CFCs are able to drive the TTDs close to zero in the515
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first year. The fact that the early part of the TTDs deconvolved with CFC-11 at 20.8� N516

is driven to zero at most up to ∼ 75 a for any depth is due to the fact that beyond ∼75a517

the time dependence comes only from 14C.518

Even for the case of the AD prior, Fig. 8 shows that the inclusion of CFC-11 is important519

for the shape of the TTDs at early times. Further partitioning of g(τ) (by summing P520

only over select regions, not shown) reveals that the early mode for the no-CFC case521

comes from water last ventilated in the Mediterranean. However, inclusion of CFC-11522

removes this feature except for the very small blips visible in the 20.8� N distributions for523

τn < 20 a between 1000 and 2000 m depths. (The sharper blips visible below 3500 m in524

the 39.9� N distributions for τn < 20 a are due to Nordic/Barents Sea water.) Overall, the525

TTDs again show the pattern of young water in the northern part of the section, with526

older waters in the southern part that we described in terms of water-mass fractions.527

The ideal mean age, Γ, is the expected value of the time τn;m since last contact with528

the surface anywhere, and hence obtained as529

Γ(r , m0) ≡
X

m;n;s

τm;n P(s, m, n|r , m0) . (14)530

The ideal mean age is shown in Fig. 9 for our four inversion cases. For all cases the pattern531

of Γ is broadly similar, but using the AD prior produces larger mean ages throughout.532

For the uniform prior the AAIW tongue is reflected in a tongue of locally older water,533

and inclusion of CFC-11 reduces mean age in the vicinity of the northern mid-depth CFC534

plume consistent with our picture from the water-mass fractions.535
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5. Uncertainty estimation

Our ME deconvolutions for G must contend with three sources of uncertainty: (a) Data536

errors primarily due to the sparse spatial and temporal sampling of the surface boundary537

conditions. We ignore instrumental error here as it is negligible compared to the other538

sources. (b) “Model errors”, that is, errors arising from the assumptions built into the539

conceptual model underlying our analysis. Specifically, there will be errors due to our540

assumptions of cyclostationary flow with no temporal eddy variability, no interannual541

variability, and perfect PO�
4 conservation. (c) Uncertainty due to missing information,542

termed “entropic uncertainty” here, which can be quantified using the information entropy.543

Even if we had perfect data, the flow was perfectly cyclostationary, and PO�
4 was perfectly544

conserved, we would still not be able to reconstruct G with certainty. The available tracers545

provide far too little information to constrain the rich information of G with precision.546

We therefore begin with the entropic errors, which tend to dominate.547

5.1. Method of uncertainty analysis

We would like to know the probability distribution of a diagnostic D̂[P] that can be548

obtained as D̂[P ] =
P

s;m;n P(s, n, m|r , m0)F (s, n, m) for a suitable function F (s, n, m).549

One example is water-mass fraction D̂ = f , where F is a spatial mask for the surface550

index s independent of n, m; another example is mean transit time D̂ = Γ, for which551

F = τn;m , independent of s.552

The probability density of diagnostic D̂ taking a particular value D ∈ (D, D + dD) is553

given from Eq. (6) by554

p(D) ∝ exp
�

−
N
2

S(D)
S(D� )

�
, (15)555
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with the additional constraint that D = D̂[P], which we implement here by adding the556

Lagrange multiplier term λD (D − D̂) to the data constraints in Eq. (2). In (15) D� is557

the value of D for λD = 0, that is, the value of D without the additional constraint.558

We take N = J , the number of tracers constraints used. Thus, N = 6 when we use559

CFC-11 for both 1997 and 2003, θ, S, PO�
4, and 14C, and N = 4 when CFC-11 is not560

used. Equating N with the number of constraints [e.g., Gull and Daniell , 1978] is the561

choice of the so-called “classic” maximum-entropy method [e.g., Skilling and Gull , 1991].562

In later refinements by Skilling and Gull [1991] it is argued that N should be the number563

of linearly independent constraints on P. Given that the tracers we use all have very564

different boundary conditions, we can reasonably expect our N = J constraints to be565

linearly independent. Note, however, that if one were to include tracers with very similar566

boundary conditions such as CFC-11 and CFC-12, the number of independent constraints567

would likely be less than J .568

Finding p(D) requires solving J + 1 nonlinear equations for the Lagrange multipliers569

for each value of D. Hence, tracing out the pdf p(D) over a reasonable range of D is570

computationally very expensive. We therefore compute the entropy S(D) only at two571

values of D on each side of the ME value of D� and use these points to fit S to a572

power law S = b|D − D� |a separately on each side of the maximum. Typically a ∼ 2573

so that we are fitting the multiplicity term exp(αS) to an asymmetrically stretched or574

compressed Gaussian. We verified that this is a reasonable approximation for a few cases575

and accept modest inaccuracies incurred because we are using the multiplicity only to576

infer uncertainty.577
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We assign error bars for diagnostic D based on our approximation of p(D) as follows. A578

quartile error bar captures the left and right quartiles of p(D) and a half-width error bar579

stretches from the left to the right half-peak value of p(D). When D is positive definite,580

as is the case for watermass fractions and mean age, less than one quartile may lie to the581

left of the mode. In this case, the quartile error bar starts at the distribution’s leftmost582

percentile and covers half the probability of finding D. (In all cases an integral of our583

estimate of p(D) over the quartile error bar yields a probability of 0.5.)584

The entropic uncertainty is of course not the only source of uncertainty. The measured585

or inferred surface boundary conditions and interior tracer values also carry uncertainty,586

primarily due to data sparsity for the boundary conditions and meso-scale variability for587

the interior values. To deal with these uncertainties, we assume that the data are one588

particular realization drawn from a multivariate Gaussian probability distribution whose589

covariance structure is estimated from the data uncertainties as described in Appendix590

B. In particular, the local bottle values of CFC-11 are subject to mesoscale variability,591

while the smoother gridded data is more representative of climatology. This mismatch592

results in some degree of inconsistency between the surface boundary conditions and the593

interior data. To account for this, we take the interannual variability of CFC-11 around594

its secular trend as the uncertainty of the CFC-11 data for our Monte Carlo uncertainty595

estimates. This variability was estimated from the relatively frequently sampled line W596

(Fig. 1) hydrography (see Appendix B).597

The effect of the data uncertainties on our inversions can then be quantified by the598

following Monte Carlo integration: Random realizations of the boundary conditions and599

the interior tracer values are drawn from the data’s assumed probability distribution. In600
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principle we would now like to compute p(D) for each such realization and then integrate601

(essentially average) all of the resulting distributions. To save computational expense we602

instead assume that the shape of p(D) does not change appreciably with each realization,603

so that the only change in p(D) is a simple shift in its mode D� (the value of D for which604

p(D) is at its maximum) to the ME value D0 for each realization. Thus, if pE (D0) is the605

distribution of the ME values of D obtained by binning the ME values from an ensemble606

of data realizations, our data-uncertainty corrected probability distribution pC(D) is given607

by the convolution608

pC(D) =
Z

dD0 pE (D0) p(D − D0 + D� ) . (16)609

Because even this approximate Monte Carlo estimation is computationally intensive (we610

used ensembles of ∼100 realizations), we only examined the data-corrected uncertainty611

for a few bottles. This is justifiable because the highly under-constrained nature of the612

problem typically results in broad distributions p(D). The data uncertainties typically613

only lead to modest additional broadening.614

5.2. Uncertainties of the water-mass fractions

The entropic uncertainties of the mass fractions fR(τ |r , m0) at 39.9� N are shown in615

Fig. 10 for both the uniform and AD priors with CFC-11. The figure shows that there616

is substantial entropic uncertainty in the water-mass fractions. This should come as no617

surprise given the hugely underdetermined nature of the deconvolutions. Conditioning on618

minimum transit time (the fractions with τ ≥ 39 and 160 a), does not significantly increase619

the uncertainties for the L and N fractions in spite of the fact that specifiying a transit-620

time threshold demands more detailed information from the inversions. [An exception are621

the global (G) fractions of age τ or older (regardless of where contact occurred, last column622
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of plots), whose uncertainty increases with increasing τ from a trivially certain value of623

unity at τ = 0.] The uncertainty in the global fraction with τ ≥ 160 a is comparable624

to the uncertainty of the N and N+L fractions. The smallest absolute uncertainties are625

seen for the SO fractions, indicating that the available tracers provide relatively strong626

constraints on fSO.627

The comparison between the uniform and AD-prior inversions of Fig. 10 shows that628

measuring information relative to the AD solution shifts the most likely values (the red-629

diamond ME values). In spite of this shift, the uniform and AD-prior solutions are630

consistent with each other in the sense that their error bars overlap. The additional631

transport information provided by the AD prior significantly reduces the entropic uncer-632

tainty compared to the the uniform-prior case except below ∼3.5 km, where the error bars633

are similar. The AD-prior quartile error bars are up to a factor of ∼3 smaller than in the634

corresponding uniform-prior case. However, even with the AD prior the uncertainties are635

generally still quite large, which means that even relative to the AD prior, there is still a636

large multiplicity of possible solutions consistent with the data constraints. We will now637

examine the more subtle case of the ideal mean age, for which inconsistencies between the638

priors and ∆14C conspire to produce large entropic uncertainties even in the case of the639

AD prior.640

5.3. Uncertainties of the ideal mean age

Figure 11 shows the entropic uncertainties of the ideal mean age, Γ, for the profile at641

latitude 39.9� N for all four inversion cases. The uncertainties are substantial, but all four642

cases are consistent with each other in the sense that their error bars overlap. For the643
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uniform prior CFC-11 helps to reduce the uncertainty in Γ where CFC concentrations are644

relatively high between ∼1 and ∼2 km depth.645

For a number of bottles the error bars of Γ in the case of the AD prior are about as646

large as, or even larger than, the corresponding error bars in the case of the uniform647

prior, particularly when CFC-11 is included in the inversions. This is at first surprising648

because the AD prior provides non-trivial transport information, which in the case of the649

water-mass fractions was seen to lead to substantial reductions in the error bars (Fig.650

10). However, Γ is sensitive to the tails of the TTD, and the tails of the deconvolved651

boundary propagator tend to be more sensitive to inconsistencies between the AD prior652

and the available tracer data than is the case for the uniform prior. The mathematical653

mechanism is the following: The AD prior tends to be too young in the upper ∼2.5 km654

compared to what is expected from the depletion of 14C. (The uniform prior is too old655

with Γ = 2000a everywhere). In the AD case, therefore, the maximum-entropy solution656

places more weight into the tail of the TTDs by switching the sign of the 14C Lagrange657

multipliyer to positive. The exponentiated surface history term ∝ exp[−λj CS
j exp(−γj τ)]658

then increases with increasing τ , while the multiplicative prior µ ensures that P still659

eventually decays to zero. This extra weight in the tail has little visible effect on the660

global TTD, but when the TTD is multiplied by the transit time this extra weight causes661

a considerable bulge in the integrand for Γ beyond 4000 a. While the integrand τn;m P still662

has sufficient weight at smaller transit times to yield reasonable mean ages, in regions of663

positive 14C Lagrange multipliers, transit times longer than 4000 a contribute significantly664

to Γ. For the AD prior with CFC-11, in the region of the northern mid-depth CFC plume665

the contribution to Γ from waters older than 4000 a can be about twice the contribution666
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from waters younger than 4000a, and in the older regions of the upper ocean visible in Fig.667

9, these contributions can be even higher (to about an order of magnitude). We emphasize668

that these are contributions to mean age from very old waters – the water-mass fractions669

older than 4000a themselves are very small. (The water-mass fraction older than 4000a670

is at most between 1% and 2% for 3.7% of the bottles, and for 80% of the bottles this671

fraction is less than 0.1%.) For the uniform prior, contributions to mean age from transit672

times beyond 4000a are ruled out a priori, removing some of the sensitivity of mean age673

to inconsistencies between prior and data. Because the uniform prior is too old compared674

to the 14C depletion, the 14C Lagrange multiplier is always positive and the integrand675

τn;m P has typically decayed to near zero by 4000a.676

The large error bars of Γ show that a considerable range of TTD’s with differing first677

moments can be accommodated while still satisfying the tracer data. In this sense mean678

age is not a robust diagnostic. None of the tracers used directly constrains the first679

moment of the globally surface-integrated boundary propagator (13), that is, none of the680

tracers has linear time dependence and spatially uniform boundary conditions. While681

radiocarbon, because of its nearly linear decay over the temporal evolution of the TTDs682

in the N Atlantic, does provide information on mean age, the spatial variations in the683

14C surface concentration contribute significantly to the uncertainty of Γ as we will now684

explore by comparing radiocarbon age to ideal mean age.685

The radiocarbon age, ΓC , is defined by ΓC(r ) = γ � 1 ln[C0(r )/C(r )], where C0(r ) =686

P
s f(s|r )C(s) is the “initial” 14C concentration (in the terminology of Broecker and Peng687

[2000]), with f(s|r ) ≡ f(s, 0|r , m0) being the water-mass fraction at r that was last688

ventilated at surface box s [cf. Eq. (12)]. The concentration C0(r ) is the concentration one689
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would have in the absence of radioactive decay so that comparison with the observed decay690

defines ΓC(r ). It can be shown [e.g., Deleersnijder et al., 2001; Hall et al., 2002; Waugh691

et al., 2003] that for the case of spatially uniform boundary conditions and a TTD whose692

width is small compared to the radiocarbon decay time, ΓC and Γ should be the same to a693

good approximation. For real natural radiocarbon, the surface concentration varies across694

the globe with ∆14C ∼ −40 per mil in the subtropical gyres to ∆14C ∼ −135 per mil in695

the Southern Ocean and accurate determination of ΓC requires accurate determination of696

C0(r ). In Appendix D we work out the conditions for which ΓC should approximate Γ697

for the case where the surface boundary condition for radiocarbon varies spatially: Terms698

that would vanish for spatially uniform boundary conditions must be small compared to699

unity.700

Because we can compute C0(r ) exactly for a given ME estimate of the boundary prop-701

agator, we can quantify to what extent ΓC approximates Γ across section A20. To that702

end, Fig. 12 shows the percent difference between ΓC and Γ for our four inversion cases.703

When the AD prior is used with CFC constraints ΓC ∼ Γ to a good approximation (5 to704

10% over most of the section). For the other cases, the differences between ΓC and Γ are705

more substantial, which means that the correction terms of Appendix D cannot be ne-706

glected. When CFCs are not used in the inversions, the initial radiocarbon concentration707

C0(r ) is unphysically larger near the surface than the actual concentration C(r ), leading708

to an undefined radiocarbon age there (the grey areas of Fig. 12). The fact that the709

discrepancy between ΓC and Γ depends on inversion case underlines the sensitivity of age710

to the detailed dependence of the boundary propagator on both transit time and surface711

origin. It is important to emphasize that even when the 14C age is a good approximation712
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to ideal mean age, one cannot conclude that either is known with certainty, only that the713

uncertainty in the two ages must be equal.714

A key advantage of the ME approach is that it allows us to determine the uncertainty715

of the ideal mean age associated with the under-determinedness of the deconvolution.716

Purely within the framework of the radiocarbon age this uncertainty is hidden from view717

and subsumed primarily into the uncertainties of the water-mass fractions f(s|r ), which718

come into play because of the spatial variations in the surface 14C concentrations (see719

Appendix D). If the surface 14C concentration was uniform, the uncertainties in f(s|r )720

would not affect ΓC , and, to the extent that ΓC ≃ Γ, our estimate of the uncertainties of721

the ideal mean age would be much lower. From the point of view of the TTD, which is G722

globally integrated over surface origin [Eq. (13)], the uncertainty in surface origin renders723

the functional form of the TTD sufficiently uncertain to admit a range of first moments724

as evidenced by the large entropic uncertainty in mean age.725

5.4. E�ect of data uncertainties

Figure 13 shows the effect of the data uncertainties for the water-mass fractions at a726

single location (1.40 km depth, 39.9� N). The increase in the size of the width-at-half-727

maximum error bars from the purely entropic, zero-data-uncertainty case (labelled E in728

Fig. 13) to the data uncertainty-corrected case (labelled C) is at most ∼7% and barely729

visible in Fig. 13. (If both entropic and data errors were Gaussian, a 7% increase in the730

width at half maximum would result from the data errors having 38% of the standard731

deviation of the entropic errors.)732

Interestingly, inclusion of the data uncertainties can shift the mode (the most likely733

value, indicated in Fig. 13 by a red diamond) of the distribution from its value in the734
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purely entropic case [e.g., the horizontal shift in the mode and error bars from their735

purely entropic values (case E) to their values with the data uncertainties (case C) for736

L+N, τ ≥ 0 and N, L+N, and G for τ ≥ 39 a]. These shifts give an indication of the737

degree to which the maximum of αS − χ2/2 can be approximated by the maximum of S738

subject to zero-misfit data constraints. However, because the purely entropic error bars739

are very broad, the shifts occur within the entropic error range. We therefore did not deem740

the considerable computational expense of quantifying mode and error more accurately741

worthwhile for this study.742

We note in passing that noise-induced shifts in the mode of the distribution are not743

a peculiarity of the maximum-entropy deconvolution. For example, very similar effects744

can be obtained in simple deterministic matrix inversions for three water masses using745

two tracers and the constraint that the fractions sum to unity. Gaussian perturbations746

of the interior and surface tracer values can lead to distributions of the fractions with747

modes that are different from the noise-free solution when the variances of the interior748

and surface values are well separated. A detailed investigation of this effect is, however,749

beyond the scope of this study.750

5.5. Discussion

Before summarizing our key findings it is important to keep in mind the assumptions,751

approximations, and inherent limitations of our analysis:752

• Cyclostationary flow. This is only a rough approximation necessitated by the tem-753

porally sparse tracer data. The real ocean is filled with meso-scale eddies and will also754

have interannual and longer timescale variability. Although we have included estimates755

of temporal variability in our uncertainty analysis, any allowance for variability or secular756
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changes, such as may result from climate change, in the boundary propagator itself is757

absent from our ME inversions as currently formulated.758

• No annual cycle for the CFC mixed-layer concentrations, or equivalently, no annual759

cycle in the CFC saturation. This is clearly unrealistic. For example, convectively driven760

ventilation tends to occur predominantly in late spring, so that in key water-mass for-761

mation regions the CFC mixed-layer concentration is likely to have an annual cycle with762

pronounced peaks [e.g., Stommel , 1979; Haine and Richards , 1995; Williams et al., 1995].763

Smoothing this to annual means (which are linearly interpolated from month to month)764

and assuming constant saturation are merely expedient approximations in the face of in-765

sufficient data (see Huhn et al. [2008] for an approach to deal with changing saturation).766

Given the substantial entropic uncertainties, we did not attempt to bound the effect of767

these approximations. Estimating CFC boundary conditions with realistic seasonality768

from the available data is an important direction for future research.769

It is also important to keep in mind inherent limitations of the ME method as imple-770

mented here. Other than the information provided by the prior, µ, our ME inversions are771

blind to the circulation and global basin geometry. Furthermore, our ME inversions oper-772

ate only on the local tracer data at (r , t). The information contained in tracer gradients773

and the path information encoded in the structure of the CFC plume are not exploited.774

Thus, for the case of the uniform prior any path-length information is entirely absent.775

The surface of the Southern Ocean is treated on the same footing as the nearby Atlantic776

surface. This results in unphysical artifacts. Specifically, the water-mass fractions from777

different regions of the world ocean have a transit-time distribution with a common mode.778

In other words, regardless of whether the fraction of Southern Ocean or nearby Atlantic779
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waters is considered, the largest water-mass fraction of age τ ∈ (τ, τ + dτ) occurs at780

nearly the same τ . This unphysical feature provides a strong argument for the use of an781

advective-diffusive (or other) prior that encodes some physical information on transport782

paths and/or basin geometry.783

With only three Lagrange multipliers associated with transient tracers, our ME inver-784

sions’ ability to shape the temporal structure of the boundary propagator is limited. In785

particular, for transit times older than ∼75 a, time information is provided only by 14C786

(which also highlights the importance of quality data for natural 14C). For the uniform787

prior, this limitation means that transit-time distributions are unable to form a mode788

(peak) for ages older than ∼75 a. However, it is worth pointing out that the ME inver-789

sions presented here still have much greater flexibility in shaping TTDs than parametric790

TTD methods that assume a single dominant end member and a one- or two-parameter791

inverse-Gaussian functional form from the outset [Hall et al., 2002].792

To quantify the ME-deconvolved boundary propagator’s ability to predict tracers that793

were not used as constraints, we consider CFC-12. Because CFC-11 and CFC-12 have794

similar time histories, we expect prediction errors for CFC-12 to be small for the cases795

where CFC-11 constraints were used in the ME inversions. Figure 14 shows predictions of796

CFC-12 across section A20 for the four inversion cases together with the observed CFC-12797

distribution and its discrepancy with the AD-with-CFC-11 case. The necessary boundary798

conditions for CFC-12 were prepared in the same fashion as those for CFC-11 (see Sec.799

3.1). The ME deconvolution with a uniform prior but no CFC-11 results in a boundary800

propagator that does not capture the early-time (τ < 75a) transport and grossly under-801

predicts CFC-12. Using the AD prior without CFC-11 results in a boundary propagator802
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that predicts CFC-12 only in very broad strokes: There is a mid-depth maximum in the803

northern half of the section, but it is too broad and smooth, and the surface CFC-12804

maximum is too shallow and weak. The broadness of the predicted CFC-12 is a direct805

consequence of the broadness of the AD prior itself, which was deliberately broadened with806

respect to surface origin so as not to exclude any water-mass formation regions merely by807

choice of prior.808

When the CFC-11 constraint is enforced in the ME deconvolutions, the predicted CFC-809

12 distribution is nearly identical for the UNI and AD priors. The difference between810

predicted and observed CFC-12 shows that the CFC-11-constrained G tends to under-811

predict CFC-12 by 5-10%. The magnitude of this mismatch is on the same order as the812

eddy-variability of the CFC-12 data (see Appendix B), and the systematic underpredic-813

tion points to G having insufficient young water. The relatively small discrepancy between814

predicted and observed CFC-12 nevertheless demonstrates that the part of G necessary815

to propagate tracers with a surface history that is similar to that of CFC-11, such as816

CFC-12, has been well constrained by CFC-11 and the other tracers used in the inversion817

regardless of choice of prior. This also bodes well for using CFC-11 constrained boundary818

propagators for propagating anthropogenic carbon dioxide [Khatiwala et al., 2009], whose819

surface history is similar to that of the CFCs.820

These assumptions and limitations, as well as the substantial entropic uncertainties,821

emphasize the importance of not over-interpreting our inversions for the boundary propa-822

gator. With the available data it is impossible to capture all of the richness of the boundary823

propagator in detail. We have therefore limited our analysis to a few key diagnostics, with824

the water-mass fractions of age τ or older being particularly robust.825
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6. Summary and conclusions

We used maximum-entropy (ME) deconvolutions to partition the water along WOCE826

line A20 according to where and when it was last in the mixed layer. The entropy itself827

was then used to estimate the uncertainty of the inversions due to the underdetermined828

nature of the deconvolutions, and a Monte Carlo method was explored to estimate the829

additional effects of the data uncertainties. Our key findings are as follows:830

• The ME inversions objectively identify both Labrador/Irminger Sea Water (L water)831

and Overflow Waters that were last ventilated in the Nordic/Barents Seas (N water). The832

deconvolved joint probability of times and locations of last surface contact (the boundary833

propagator) was then integrated to quantify the mass fraction of these waters of age τ834

or older as a function of τ . The bulk of the L and N fractions is less than ∼40 a old in835

the vicinity of the DWBC at the northern end of A20 but several decades older where836

the DWBC re-crosses the section further south. This lag in propagation time is much837

longer than the DWBC’s advective time scale of a few years and points to the importance838

of mixing via a multitude of eddy-diffusive paths. This picture of a “diffusive conveyor”839

[Holzer and Primeau, 2006, 2008] is also supported by the fact that the L and N fractions840

are distributed over a much broader range of transit times in the southern part of the841

section than in the northern part. Section A20 contains little L water older than ∼160 a.842

The Overflow Waters lie primarily below the L waters and include water as old as ∼600a843

below ∼3500 m.844

• Estimates with the uniform and AD priors have overlapping error bars and are there-845

fore consistent with each other. For the inversions with the uniform prior it is essential846

to include CFC-11 data to capture the structure of the water-mass fractions for transit847
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times τ <∼ 75a). When the ME inversion is constrained by CFC-11, the early part of the848

boundary propagator (τ < 75a) is insensitive to the choice of prior, as evidenced by the849

fact that the ME-derived boundary propagator gives nearly identical predictions for CFC-850

12, which was not used as a constraint, regardless of whether the uniform or AD prior is851

used.852

• The entropic uncertainties of the water-mass fractions are substantial, with the quar-853

tile limits of their probability distributions nearly spanning a water-mass fraction as large854

as 0.5 for the worst cases of the inversions with the uniform prior. Use of the AD prior855

significantly decreases the uncertainties of the water-mass fractions by providing prior856

transport information to the inversions. The uncertainties of the water-mass fractions857

older than a given threshold age do not systematically increase with the threshold age,858

except in the case of the global fraction, which trivially reduces to exactly unity when859

all ages are included. The entropic uncertainties capture the physical fact that a large860

number of possible locations and transit times since last ventilation are consistent with861

the available sparse tracer data. This contrasts with OMP analysis, where a small number862

of end members is fixed using traditional water-mass analyses. Although the traditionally863

identified water-mass ventilation regions [e.g., Lazier , 1973; Talley and McCartney , 1982;864

Pickart et al., 2003, for Labrador Sea Water] and the most probable ventilation regions of865

the ME deconvolutions are in broad agreement, standard OMP analysis cannot quantify866

the uncertainty that comes from the fact that many alternatives are also consistent with867

the tracer data.868

• Ideal mean age has large entropic uncertainties with typical quartile error bars of869

∼ 50%. Away from the near-surface regions, where the boundary propagator has not870
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decayed to zero by the end of the CFC period, 14C is the only tracer that provides time871

information for τ >∼ 75a. While 14C has nearly the ideal time dependence to constrain872

the ideal mean age because of its slow radioactive decay, 14C does not have the required873

spatially uniform boundary conditions to project perfectly onto the ideal mean age. Thus,874

even when the radiocarbon age is a good approximation to the ideal mean age, as is the875

case for the inversions with the AD prior plus CFCs, both radiocarbon and ideal mean876

age depend critically on the water-mass fractions, that is, on the partitioning of a given877

water parcel according to where on the surface it was last ventilated. The large entropic878

uncertainties in the water-mass fractions render both radiocarbon age and ideal mean age879

uncertain. It is worth emphasizing that even if a tracer had uniform boundary conditions880

and linear time dependence, only the first moment of the TTD would be well constrained –881

higher moments, and hence the shape of the TTD, would remain uncertain in the absence882

of additional constraints.883

• Transit-time distributions of inverse-Gaussian form whose two free parameters are884

determined by fitting anthropogenic transient tracers are not constrained by any data that885

contains information on long transit times. Such TTD’s are appropriate for estimating886

the amount of anthropogenic carbon in the ocean [e.g., Hall et al., 2002; Terenzi et al.,887

2007; Tanhua et al., 2009], which is propagated by the early (τ <∼100a) part of the TTD.888

However, the mean age of such TTD’s, as reported for example by Tanhua et al. [2009], can889

at best be considered a parameter of the inverse Gaussian, rather than a reliable estimate890

of the true mean transit time. The tails of these TTDs are determined by the assumed891

functional form, and the lack of data constraint in the tails likely renders their mean age892

highly uncertain. Furthermore, the assumption of a single dominant end member, which893
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motivates replacing the full surface-origin dependent boundary propagator with the TTD894

(a function of transit time only), introduces further uncertainty into both the ideal mean895

age, and into the anthropogenic carbon estimates from these TTDs, because the effect of896

surface variations in the boundary conditions is not taken into account.897

• The contributions of the uncertainties in the tracer data (interior and surface bound-898

ary conditions) to the uncertainties of the water-mass fractions are modest and typically899

dominated by the entropic uncertainties. The greatest uncertainty thus comes from the900

underdetermined nature of the inversions: A broad multiplicity of possible solutions is901

consistent with what few data constraints are available. Interestingly, the data uncer-902

tainties not only broaden the entropic probability distribution, but are also able to shift903

the most probable value. For the cases examined, such shifts fell within the range of the904

purely entropic error bars.905

Our study has shown to what degree the rich structure of the boundary propagator may906

be extracted from local bottle data, including repeat hydrography for CFC-11. Use of the907

ME method allowed the uncertainties associated with the limited information content of908

the available data (the entropic uncertainties) to be quantified. While those uncertainties909

are large per bottle, a great deal of the structure of the boundary propagator in the910

North Atlantic was revealed, with consistent patterns among the different inversion cases.911

The entropic uncertainties per bottle will be reduced when additional data constraints912

become available. Additional constraints will be provided by transient tracer species with913

boundary conditions and timescales different from the CFCs (e.g., 39Ar) and by future914

repeat hydrographic surveys of transient tracer concentrations. Extensions of the method915

to incorporate information about the structure of tracer plumes and the geostropic balance916
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of the flow are also likely to result in reduced entropic uncertainties. The uncertainties of917

volume averaged quantities will be reduced from the per-bottle uncertainties computed918

here, roughly by the inverse root of the number of statistically independent samples in919

the volume. We therefore expect that ventilation-rate distributions [Primeau and Holzer ,920

2006], which require global volume integrals of G, can be determined much more precisely921

than the local water-mass fractions explored here.922
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Appendix A: Some details of the numerical implementation

A.1 Coarse-graining in space and time928

To reduce the computational burden we coarse-grained the surface boundary conditions in929

both space and time. The 1� ×1� surface data was area-averaged to 5� ×5� patches. Those930

5� ×5� patches that overlapped the 1� ×1� land mask were used with a proportionately931

smaller area weight.932

The time history of the boundary conditions was coarse grained by sampling only at933

the following years: 0, 3, 6, . . . , 75, 80, 90, 120, 160, 200, 250, 300, 400, . . . , 1000, 1200,934

1500, 2000, . . . , 4000, 5000, 7000, 9000, 11000, 15000, 20000a. This provides adequate935

three-yearly resolution of the CFC’s time history to 75 years, after which the sampling936

becomes progressively coarser out to a cut-off time of 20000 a. In the case of the uniform937

D R A F T January 30, 2010, 12:31pm D R A F T



46 HOLZER ET AL.: INVERSIONS FOR WATER-MASS DISTRIBUTIONS

prior, the prior itself was set to zero for transit times longer than 4000a. Our results for938

water-mass fractions older than a given threshold age (Section 4.1) were insensitive to the939

cut-off time of the uniform prior as long as it was about 4000a or longer. Sums of P over940

the year index n were evaluated in a way that is equivalent to interpolating P linearly941

between the sampled years and summing over all years.942

A.2 Solver used943

The constraint equations (2) were solved numerically to high precision for the Lagrange944

multipliers with Matlab’s fsolve routine which implements the Levenberg-Marquardt al-945

gorithm with line search and cubic interpolation. The analytic Jacobian ∂Ĉj /∂λk was946

provided to fsolve.947

A.3 Data restriction in the case of no solution948

Where no finite, high-precision solutions for the Lagrange multipliers could be found, the949

CFC-11 boundary conditions were nearly always inconsistent with the 1997 to 2003 change950

∆F in the interior CFC-11 value. Such inconsistencies can for example result from eddy951

variability in the vicinity of large gradients. In the case of no solutions, the 1997 and 2003952

CFC-11 measurements were averaged and assigned to either 1997 or 2003 depending on953

whether ∆F < 0 or ∆F > 0, respectively, while the CFC-11 value for the other year was954

ignored. This affected about 15% of the bottles for which both 1997 and 2003 CFC-11955

concentrations were available. Removing CFC-11 for one of the years in this way almost956

always led to (finite, high-precision) solutions for the corresponding Lagrange multipliers.957

However, it should be kept in mind that removing one time level of the CFC data restricts958

the ability of the inversions to shape the time dependence of the boundary propagator.959
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Where results are presented for single profiles (e.g., Fig. 8), we therefore selected profiles960

for which separate 1997 and 2003 CFC-11 measurements could be utilized for all bottles.961

Appendix B: Gaussian error model

In order to generate the synthetic data for our Monte Carlo uncertainty estimation, we962

built the following multivariate Gaussian error model. For the surface boundary condi-963

tions we use the standard deviation fields σ(r) supplied with the WOA05 and GLODAP964

data sets to estimate the spatial auto-covariance as σ2(r). Terms that happened to be965

zero (no uncertainty) were replaced by the minimum non-zero value of σ2(r). The off-966

diagnonal elements of the spatial covariance were assumed to decay exponentially with967

geodesic distance over a decorrelation scale of 500 km. More precisely, the covariance968

between surface points ri and rj , separated by geodesic distance dij was specified as969

σ(ri )σ(rj ) exp(−dij /L), with L = 500 km. The value of 500 km is somewhat arbitrary,970

but to err on the side of over-estimating the effect of the spatial correlations we chose L to971

be about ten mid-latitude Rossby deformation radii. The true length scale is likely much972

shorter especially across frontal regions. The standard error estimates of the GLODAP973

data were extended from their edges first zonally and then toward the poles to fill in the974

missing regions. More careful interpolation was not deemed necessary for the purpose of975

error estimation.976

In principle, synthetic error fields should also have some temporal covariance to statis-977

tically model the memory of the mixed layer, but it is difficult to account for this given978

our non-uniformly spaced sample times and lack of a detailed analysis of the temporal979

correlations. Such an analysis from available data or climate models is certainly beyond980

the scope of this paper. We therefore simply treat every month of each of the sample981
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years as statistically independent. This amounts to a random perturbation of the sea-982

sonal cycle for each sample year, with the non-uniform spacing of the years effectively983

building in some memory. Note that because of the coarse temporal sampling at long984

times, we conservatively overestimate the effect of errors in the tails of the distribution.985

(In a convolution such errors would tend to average out.)986

To generate the multivariate Gaussian synthetic error field of the boundary conditions987

with the specified spatial covariance structure, the spatial covariance matrix was Cholesky988

factorized and the resulting lower triangular matrix multiplied by a vector of unit-variance,989

independent Gaussian random numbers, independently for every month of each sample990

year in our coarse-grained time history.991

The variance of the interior data was estimated as follows. For the assumed cyclo-992

stationary tracers of θ, S, and PO�
4, the variance was simply computed from the 1997 and993

2003 values of the line A20 repeat hydrographies. To estimate the temporal variance of994

the CFC-11 data at a specified depth, we examined data from line W, which was sampled995

almost every year (sometimes twice a year) from 1994 to 2008. The profiles of line W996

data were interpolated to the depth of interest and the variance of CFC-11 concentration997

was computed from all measurements that were taken within one degree of latitude of the998

location of interest over the 1994–2008 period, after a linear trend was subtracted out.999

At ∼40N between 1 and 2 km depth, the corresponding standard deviation ranged from1000

9 to 15% of the 2003 concentrations. To be conservative, we used a standard deviation of1001

15% for the interior data.1002

A member of the data ensemble used for a given bottle thus corresponds to (a) the1003

boundary conditions plus synthetic errors of the desired covariance added independently1004
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for each year and month of our coarsely sampled time history, and (b) the bottle tracer1005

data plus random Gaussian errors for each tracer field with the desired variance. Co-1006

variances between the different tracer species were neglected for both surface and interior1007

data.1008

Appendix C: The AD prior

For comparison with Fig. 8, we show in Fig. 16a the corresponding profiles of the1009

distributions of times since last surface contact anywhere as obtained from the AD prior1010

alone, without any tracer constraints. Figure 16b shows the AD prior’s ideal mean age1011

for comparison with Fig. 9.1012

Appendix D: The relationship between radiocarbon age and id eal mean age

We derive the relationship between radiocarbon age and ideal mean age for the realistic1013

case of spatially inhomogeneous radiocarbon concentrations. This generalizes the single-1014

end-member case discussed by, e.g., Deleersnijder et al. [2001], Hall et al. [2002], and1015

Waugh et al. [2003], and allows us to see how the entropic uncertainties of ideal mean1016

age manifest themselves for radiocarbon age. For simplicity of exposition, we use discrete1017

surface index s, but continuous transit time τ .1018

The true ideal mean age Γ(r ) is defined by1019

Γ(r ) =
X

s

Z 1

0
dτ τ G(r |s, τ) , (D1)1020

while the radiocarbon age ΓC(r ) is defined in terms of the radiocarbon concentration C(r )1021

by1022

C(r ) = e� 
 ΓC (r)C0(r ) , (D2)1023
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where the “initial” concentration C0(r ) is given by1024

C0(r ) ≡
X

s

f(s|r )C(s) , (D3)1025

with f(s|r ) ≡
R1

0 dτ G(r |s, τ) being the water-mass fractions regardless of transit time.1026

[In terms of Eq. (12), f(s|r ) ≡ f(s, 0|r , m0)].1027

The relationship between ΓC and Γ can be seen by expressing C(r ) in terms of the1028

propagated surface concentrations C(s) as1029

C(r ) =
X

s

Z 1

0
dτ G(r |s, τ)e� 
� C(s) , (D4)1030

which is Eq. (1) for steady flow. Expanding e� 
� to second order in γ about τ = Γ(r ),1031

(D4) can be rewritten as1032

C(r ) = e� 
 Γ(r)C0(r )

 

1 − γ
X

s

δĈ(s)δΓ(s, r ) + γ2∆2(r )
C

C0(r )
+ γ2

X

s

δĈ(s)D2(s, r )

!

,

(D5)1033

with the following definitions:1034

δC(s) ≡ C(s) − C , (D6)1035

where C is the spatial area average of C(s), and1036

δĈ(s, r ) ≡ δC(s)/C0(r ) , (D7)1037

1038

δΓ(s, r ) ≡
Z 1

0
dτ G(r |s, τ)(τ − Γ(r )) , (D8)1039

1040

2D2(s, r ) ≡
Z 1

0
dτ G(r |s, τ)(τ − Γ(r ))2 . (D9)1041

Note that
P

s δΓ(s, r ) = 0 and
P

s D2(s, r ) = ∆2(r ), where ∆(r ) is the width of the TTD1042

defined by 2∆2(r ) =
P

s

R1
0 dτ G(r |s, τ)(τ − Γ(r ))2. The terms of (D5) involving δĈ(s, r )1043

are due to spatial inhomogeneity of the 14C surface concentration.1044
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For 14C the spatial variations δC(s) are small compared to the actual concentration1045

C0(r ) so that the δĈ(s, r ) are expected to be small. How small the order γ and γ2 sums1046

over surface index s in (D5) are depends on the detailed form of the boundary propagator1047

through δΓ(s, r ) and D(s, r ). Throughout the Atlantic the width ∆ is expected to be1048

small compared to the decay time scale, because ∆ and Γ are typically of the same order1049

of magnitude, and 1/γ ∼ 8300 a. For the inversions with the uniform prior, the maximum1050

of γ∆ ∼ 0.03. For the inversions with the AD prior, γ∆ can reach as high as 0.1 near1051

the surface and in the mid-depth CFC plume because of the subtly over-weighted tails of1052

the TTDs there (see Section 5.3), but below ∼ 3000m γ <∼ 0.03. Thus, the term ∼ γ2∆2
1053

in (D5) can be neglected to a good approximation for section A20, as expected. If in1054

addition the order γ and γ2 terms involving δĈ are small compared to unity we have1055

C(r ) ≃ e� 
 Γ(r)C0(r ) , (D10)1056

so that ΓC(r ) ≃ Γ(r ).1057

Note that the spatial variations in the surface 14C concentration are critical in deter-1058

mining the initial radiocarbon concentration C0(r ) via the water-mass fractions from Eq.1059

(D3). The large entropic uncertainties in the water-mass fractions f(s|r ) propagate by1060

way of Eq. (D3) into the “initial” radiocarbon concentration C0(r ) and into the radiocar-1061

bon age, ΓC(r ) = γ � 1 log[C0(r )/C(r )]. Thus, the entropic uncertainties in the water-mass1062

fractions only come into play when the 14C boundary conditions vary spatially. If the sur-1063

face 14C concentration was uniform, the entropic uncertainty in the water-mass fractions1064

would have no effect on the uncertainty of the radiocarbon age, and because ΓC ≃ Γ in1065

that case, our estimate of the uncertainties of the ideal mean age would be much lower.1066
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Figure 1. Stations along WOCE lines A20, A22, and W. The 1997 stations are indicated

by solid black dots, and the 2003 stations are overlayed as grey circles. Bathymetry is

contoured with a 1000-m interval.
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Figure 2. The locations of the bottle data used along WOCE line A20. The color of the

location indicates whether data was avaliable from only one or from both cruises. Black:

both 1997 and 2003. Green: only 1997. Red: only 2003. The lighter colored locations lie

outside the GLODAP grid for 14C and where not used in this study.
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Figure 3. The transient tracers at the longitude of line A20 (∼ 52� W) used in this

study: The CFC-11 bottle data from the 1997 and 2003 line A20 cruises and the natural

∆14C data of the GLODAP data set. For CFC-11 white contour lines are plotted at 0.25,

0.5, 1, 1.5, and 2 pmol/kg, while for the ∆14C white contour lines are plotted every 10

per mil.
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Figure 4. The watermass fraction from each 5� ×5� surface patch regardless of tran-

sit time for the three bottle locations indicated. Note that these are the dimensionless

fractions, not the fractions per unit area.
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Figure 5. The surface masks used to define water-mass fractions: L (green) includes

the Labrador and Irminger Seas, while N (orange) includes the Nordic and Barents Seas.
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Figure 6. The water-mass fractions of age τ or older from our L and N patches, the

union of these (L+N), the Southern Ocean south of 50� S (SO), and the entire global ocean

surface (G), as computed using the AD prior with CFC-11. The age thresholds are τ ≥ 0

(top row), τ ≥ 39 a (middle row), and τ ≥ 160 a (bottom row), as indicated. Note that

the L fraction has been multiplied by a factor of 2 so that the patterns are easily visible

with the same color bar.
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Figure 8. The seasonally averaged distribution of times τ since last contact with the

surface anywhere for the A20 profiles indicated and for the cases of uniform (UNI) and

AD prior, with and without CFC-11. For plotting, the distributions have been normalized

by their maximum value and scaled to fit the space between adjacent depths.
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since last surface contact, for section A20. The cases of uniform (UNI) and AD priors

and with and without CFC-11 are shown.
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Figure 10. Estimate of the entropic error in the water-mass fractions of age τ or

older for the profile at 39.9N and the values of τ indicated. Results for the uniform and

AD priors are shown, as indicated (both with CFC-11). For each depth, a red diamond

locates the ME value. Quartile (thick) and half-width (thin) error bars were determined

as described in Sec. 5.
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Figure 11. Estimate of the entropic error in ideal mean age, Γ, for the profile at 39.9N.

The cases of uniform (UNI) and AD priors and with and without CFC-11 are shown. For

each depth, a red diamond locates the ME value. Quartile (thick) and half-width (thin)

error bars were determined as described in Sec. 5.
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Figure 12. The percentage difference between radiocarbon age, ΓC , and ideal mean

age, Γ, across section A20. The cases of uniform (UNI) and AD priors and with and

without CFC-11 are shown. In the grey regions near the surface for the no-CFC cases,

the radiocarbon age is undefined because the interior concentration C(r ) is larger than

the estimate of the “initial” concentration C0(r ).
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Figure 13. The effect of data error on the uncertainty of the watermass fractions of

age τ or older for the values of τ indicated at latitude 39.9� N and 1.40km depth for the

deconvolutions with the AD prior including CFC-11. The purely entropic error bars are

labeled E (“ghosted” colors), and the error bars with corrections from data uncertainties

are labeled C. In both cases, a red diamond locates the most likely value.

D R A F T January 30, 2010, 12:31pm D R A F T



HOLZER ET AL.: INVERSIONS FOR WATER-MASS DISTRIBUTIONS 75

ME (UNI, no CFC−11)  [pmol/kg]

de
pt

h 
[m

]

10 15 20 25 30 35 40
−6000

−5000

−4000

−3000

−2000

−1000

0

ME (UNI with CFC−11)  [pmol/kg]

de
pt

h 
[m

]

10 15 20 25 30 35 40
−6000

−5000

−4000

−3000

−2000

−1000

0

ME (AD, no CFC−11)  [pmol/kg]

10 15 20 25 30 35 40
−6000

−5000

−4000

−3000

−2000

−1000

0

OBS  [pmol/kg]

de
pt

h 
[m

]

latitude
10 15 20 25 30 35 40

−6000

−5000

−4000

−3000

−2000

−1000

0

ME (AD with CFC−11)  [pmol/kg]

10 15 20 25 30 35 40
−6000

−5000

−4000

−3000

−2000

−1000

0

ME (AD with CFC−11) − OBS  [pmol/kg]

10 15 20 25 30 35 40
−6000

−5000

−4000

−3000

−2000

−1000

0

latitude

0 0.2 0.4 0.6 0.8 1 1.2 1.4 −0.18 −0.14 −0.1 −0.06 −0.02 0.02
pmol/kg pmol/kg

CFC-12

Figure 14. The top four plots show the concentration of CFC-12 across section A20

as predicted by the ME-deconvolved boundary propagator for the four inversion cases.

The bottom plots show the observed CFC-12 concentration (right) and the difference

between the prediction for the AD-with-CFC-11 case and the observations (left). For all

plots of this figure, only those bottles were considered for which both the 1997 and 2003

CFC-11 values could be used in the deconvolution. The white contours for the CFC-12

concentration have an interval of 0.25 pmol/kg.
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Figure 15. (Appendix C) The set of nine surface patches, Ωi , based on annual average

density contours, used to compute the patch-integrated boundary propagator of a steady

advective-diffusive transport operator [Primeau, 2005]. The AD prior was constructed

from this boundary propagator as described in section 2.2 and Appendix C.
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Figure 16. (Appendix C) (a) The AD prior’s seasonally averaged distribution of times

since last contact with the surface anywhere for the A20 profiles indicated. For plotting,

the distributions have been normalized by their maximum value and scaled to fit the space

between adjacent depths. (b) The AD prior’s ideal mean age (mean time since last surface

contact) for section A20.
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